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Abstract. Scale and scope of demand for long-term infrastructure systems are highly uncertain.
Hence, design flexibility that can provide the capability to adapt the infrastructure to
unforeseeable changing demand is of value. The use of design flexibility can be justified by
determining its economic value using a real options model with Monte Carlo Smulation[1]. The
fundamental step towards the use of such a model to value design flexibility is a transformation
of forecasting practice, away from aiming to forecast the most likely future demand, and towards
forecasting a range of the future demand evolution paths. To this end, we construct a demand
forecasting model based on stochastic diffusion processes which are widely used in corporate
finance to find the value of a financial option. We also propose an alternative demand
forecasting model: adaptive trend fitting with stochastic forecast errors. In our proposed model,
we produce one period ahead point forecast by a trend fitting method. Sochastic nature of the
point forecast is addressed by a random variable which measures forecast error, i.e., difference
between actual and forecasted demand. Monte Carlo Smulation outputs from the two
forecasting models are compar ed.
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1. Introduction

Infrastructure such as buildings, hospitals, brijge airports are conventionally built with a
fairly rigid design. The systems are largely fixadd irreversible after the completion of

construction. Such rigid designs can easily failewtihe evolution of the future differs from

expectations. This is where flexibility in the iastructure design can add value. Design
flexibility provides the capability to adapt thefrastructure to unforeseeable changing
circumstances, as the future unfolds. They havensuwrance characteristic. For example, the
foundations of a building may be enhanced at thee tof initial construction with an extra

investment cost, thus providing the flexibility éapand in height at some point in the future if
and when demand is larger than originally anti@daOther examples of design flexibility can
be found in the literature, see e.g. [2]-[4].
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Currently, most investments in design flexibilityeaguided by intuition and experience [5].
However, to make more effective investment decsidne use of design flexibility needs to be
justified by determining its economic value. Thelagation of a real options model to value
design flexibility is studied in the literature,ese.g. [1], [5]-[6]. The critical inputs of the itea

options model are various future uncertain quaditiin this paper, we consider the future
demand as the main source of uncertainty that dékggibility is coping with and seek the ways
to forecast demand with associated uncertainties.

Current practice in demand forecasting is focused pooducing the best possible single
projection. To value design flexibility via a regbtions model, demand forecasts need to exhibit
uncertainty and also address the dynamics of tleertainty. To this end, the objective of this
paper is to propose forecasting models that capstwehasticity and dynamicity of future
demand. In corporate finance, stochastic diffugpoocesses are widely used to determine the
value of an option on financial security by modgliasset price fluctuations. Thus, one
possibility to model future demand dynamics foruuad) flexibility would be to treat demand as
a random variable in stochastic diffusion proces$es primary assumptions of this approach
are then that demand at time t+1 is dependentugndy demand at time t and the random terms
are mutually uncorrelated. In this paper, we prepas alternative demand forecasting method
which drops the two principal assumptions of theclsastic diffusion process. Our proposed
method produces a deterministic forecast at tinieby- a trend fitting method. In this way, we
express demand at time t+1 as a function of ngt damand at time t but also all the previous
demand values from time O to t. Stochastic natfiteepoint forecast is addressed by a random
variable which measures forecast error, i.e., tifiee between actual and forecasted demand.
These random variables are modeled to be depeaddrautocorrelated.

The paper is structured as follows: Chapter 2 désfia demand forecasting problem and
notations. In Chapter 3, we model future demandathios using stochastic diffusion processes.
In Chapter 4, an alternative forecasting moaéhptive trend fitting with stochastic forecast
errors, is proposed to produce a range of demand pathsfoing design flexibility. Chapter 5
compares the simulation outputs of the two foresgsimodels. Chapter 6 presents our
conclusions.

2. Defining a Demand For ecasting Problem and Notations
A projection of future demand forms an integraltpafr any design specifications for new
infrastructure. Demand forecasting then becomesi@iat task in the design process. Forecasts

need to be made for the long-term, covering a anltisi part of the lifetime of the infrastructure.

t=0 t=n t=T

Base period (observed period) Forecastingperiod (projection horizon)

Fig. 1. Timeline of a demand forecasting problem
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We define our demand forecasting problem by settimgwo periods as shown in Fig. 1. base
period from time O to n during when we have theeobsd data and forecasting period from time
n+1 to T during when we forecast future demandepresents the end of lifetime of a new
infrastructure.

Next we define some notation for time variables:

t time variable, t=0,1,2,...,n,...,T
[t,,t,] time period between and

[0,t,] warm-up period

[0,n] base period

[n+1,T] forecasting period

We aim to model dynamicity and stochasticity olufetdemand by generating a range of future
demand paths by Monte Carlo Simulation. The ussiratilation encoding of the mathematics
representation of ensuing demand, for examplespraadsheet for real options valuation in [1]
is more applicable in the practical design proc&¥s. propose simulation-based forecasting
models for valuing design flexibility in the neito chapters.

3. Demand Forecasting Model using Stochastic Diffusion Processes

Stochastic diffusion processes are widely usedddahasset dynamics in corporate finance. We
construct a demand forecasting model based on agtichdiffusion processes to value design
flexibility using a real options model. If we repent stochastic diffusion processes as a discrete
time model, the development of stochastic demapdjuring the projection period can be
modeled recursively as [7]:

Yoo = Vil @)

for t=[n+1,T]. The quantities, are mutually independent random variables. Thealkr u,

defines the relative change in demand between t taid The relative change will be
independent of the overall magnitudeypf Since the demand will never become negative, we

consider the logarithm of demand. If we take theeirs logarithm of both sides of the equation,
the equation is equivalent to

Iny,, =Iny, +Iny, )
for t=[n+1,T]. If we introduce the random disturleas directly in terms of theu, ,

w, =Inu, 3)
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for t=[n+1,T]. We let thesev's be mutually independent normal random variabigh the
following mean and variance using the actual dentaid after a predefined warm-up period:

H#=E[w]=HIny, -Iny] 4
o® =varw]=var[lny,, -Iny] (5)
for t=[to,n]. The meanuis referred as the drift term which describes tiead in the variable,

and the variancer’is referred as the volatility term. Eq. (2) canvmgtten in terms of the drift
and the volatility term as:

Iny,, =Iny, +u+o0e, (6)

The random variable in Eq. (6)ds In Monte Carlo Simulation, we randomly chooseaiug

from an assumed distribution, typically a normastdlbution, for this variable to obtain a
possible value or a simulated valuelofy,,, in Eq. (6). By repeating the same procedure, agang

of demand scenarios are generated (Fig. 2).
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Fig. 2. Ten demand scenarios generated by Monte Carlol&iomw with an assumption
of stochastic diffusion processes. The case o&y(Q)=0.5,0%=1.

4. Alternative Demand Forecasting Model: Adaptive Trend Fitting with Stochastic
Forecast Errors

The demand forecasting model developed using sstictdiffusion processes in Chapter 2 make
two primary assumptions: 1. Demand at time t+1dpashdent only upon demand at time t, 2.
The random terms are mutually uncorrelated. Howahese assumptions are unrealistic for the
demand process which does not have a Markov chapepy. We propose an alternative
demand forecasting modein adaptive trend fitting with stochastic forecast errors which drops
the two principal assumptions of the previous modeur proposed model produces a
deterministic point forecast at time t+1 by a trditing method. A trend fitting method fits

4
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trend curves, mostly linear, exponential, or paliabecurves, to the observed data and
extrapolates the trend into the future. In this ywag express demand at time t+1 as a function of
not only demand at time t but also all the previalesnand values from the period [O,t].
Stochastic nature of the point forecast is addoesse a random variable which measures
forecast error, i.e., difference between actualfanecasted demand. These random variables are
modeled to be dependent and autocorrelated. Therlymdy reason is that recurrent forecasts are
made by the same trend fitting method and shaterlual data. The development of stochastic
demandy; at time t can then be modeled recursively as

Yeor = F(6 Yor YooY )Y By (7)

for t=[n+1,T]. The functionf represents a trend fitting and it outputs a det@stic point
forecast at time t+1 using the demand data fronp#red [0,t]. E,,is a random variable which

accounts for an unknown forecast error of a pamneédast made by a trend fitting. Monte Carlo
simulation is used to sample future forecast efn@m the assumed distribution. By iteratively

generating a new deterministic forecast and addifgrecast error as in Fig. 3, we can map a
simulated path of demand. We repeat the processdory simulations and generate a range of
demand scenarios.
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Fig. 3. Graphical illustration of an adaptive trend fittiwith stochastic forecast errors: the case of a
linear fitting. A deterministic forecast at t=21nsade by fitting a linear line to observed datatfar
period [0,20], represented by a yellow trianglesitulated forecast errémis then added to the

deterministic forecast to correct a point fore¢ast simulated actual, represented by a red teafidie
model repeats the process to map a simulated péituce demand.



Second International Symposium on Engineering Systems
MIT, Cambridge, Massachusetts, June 15-17, 2009

5. Comparing the Two Forecasting M odels
We Illustrate the performance of the adaptive trétichg with stochastic forecast errors in
Chapter 4, which is hereby referred fasecaster 1I, in comparison to the forecasting model
developed using stochastic diffusion processes map€r 3, which is hereby referred as
forecaster 1. We assume that demand follows an additive randaik, a simplifiedforecaster I,
i.e. actual demand can be forecasted ufinecaster I. We then evaluate the performance of
forecaster 11 for forecasting this demand process using MontéoCzimulation. In this way, we
are settingorecaster | as a reference model for a comparison Vatlecaster |1.
Forecaster I:

We simplify forecaster | by assigning zero to the drift term and one towbktility term, i.e.
#=0,0=1Iin Eg. (6). If we let a fundamental variable ysand assume this variable can

explain the actual demand process, actual demasplained by:
yt+l = yt + gt (8)

for t=[0,T]. We further simplify Eq. (8) by assunginthate, is independent and identically
distributed and has a normal distribution with zerean ands,’variance, i.e.£ ~ N(0,0.%).
We also assume that the initial demand is zerg,y,6= 0. Then Eq.(8) is equivalent to

Vs =Y 8 ©

for t=[0,T]. Namely, stochastic demand at time t$5 sum of independently simulated normal
random variablesg, for O<i<t.

Forecaster |1:

We model the assumed demand process described .b{QEdy forecaster II. We express
forecasted demang, by forecaster Il as

Yo = T (6 Yo Yare-ns ¥ )+ By (10)
for t=[n+1,T].

We consider a linear trend fitting as an underlytlegnand model to produce a deterministic
forecast. The functiorifor a linear trend fit then becomes:

f(t; Yoo Yoso-o ¥ ) =2 1ot (11)
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where a, andp are parameters calculated using available dematedad@r the period [0,t] and
have closed form solutions as:

5y

a=y-th==_—"n (12)

SN0 Y-y

b = " - n ” (13)
Z:(ti_t)2 Z(ti_é)z
i=0 i=0
We rewrite Eq.(10) in terms of these parameters.
yt+1 = at + h(t +1) + E[+1 (14)

for t=[n+1,T].

The key question is then how to sample appropfaateast errorsk,,, over projection horizons,

i.e. t=[n+1,T]. We assume that a distribution dife forecast errors can be obtained through an
analysis of historical forecast errors. To estinatealistic distribution of future forecast errors
we need a set of historical forecast errors. Howed@ta for historical forecast errors are often
not systematically collected or not accessibleracpice. We therefore generate these error terms
empirically by generating predictions of the forgcat times t=0,...,t=n by the chosen trend
fitting method for forecasting, related to the alved data during the base period after a
predefined warm-up period, t=[g],t We hereby define empirically collected forecastor at
time t as historical forecast err@, A detailed study on the characteristics of histrforecast
error and the assumptions on the distribution ofurki forecast error based on these
characteristics is referred to Appendix A and ApgpeiB.

Comparing Forecaster | with Forecaster 11

Next we illustrateforecaster | described by Eq. (9) arfdrecaster |1 described by Eq. (14) via
Monte Carlo Simulation. Fig. 4 shows the distribog that are generated hyecaster | and
forecaster 11 at t=60 using the base period of [0,40] (i.e. n=4Wis figure shows thdorecaster

Il produces an unbiased estimatdarecaster | and a higher varianc&orecaster Il results this
higher variance since it accounts for not only vhaability in the assumed demand time series
that are modeled bfprecaster | but also errors in the chosen trend fitting methddth time
series variability and model fitting error are aapd inforecaster Il by introducing a random
variable that measures a difference between aatuhforecasted demand.
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Fig. 4. Cumulative distributions of the actual demand s$ated byforecaster | and
forecasted demand simulated fiyecaster 1l at t=60 using the base period [0,40]
Simulation result is based on 10,000 Monte Cairddstr

6. Conclusion

Scale and scope of demand for long-term infrastrecsystems are highly uncertain. Hence,
design flexibility which provides adaptability oich systems to changing circumstances is of
value. To make the investment in design flexibititgpre effective, the economic value of design
flexibility needs to be determined using a realiap model. Traditional demand forecasting
methodologies, whilst allowing for the estimatiohpoediction errors at any point in time, are
not set up to produce fully dynamic stochastic nietleat are needed for real options valuation.
In this paper, we develop two simulation-based dehfarecasting models that can produce a
range of future demand paths as a representatiodyredmicity and stochasticity of future
demand uncertainty.

We constructforecaster | by transforming stochastic diffusion processesoirporate finance that
are conventionally used to price a financial optidfe develop an alternative forecasting model:
adaptive trend fitting with stochastic forecast errors and this model is referred &wecaster II.

At time t, forecaster 1l produces a point forecast at time t+1 and addecnastic forecast error
term, and proceeds in this way to t+1,....,T. Thedcan variable that measures forecast error
produces the dynamic stochastic nature of thiscast This random variable can model both,
variability in the demand time series and errorgha forecasting model unliki®recaster |
which accounts for time series variability alone.

Distributions obtained from Monte Carlo Simulatisanggest thaforecaster I produces an

unbiased estimate @drecaster |. Thus the performance &drecaster 11 for forecasting the mean
of stochastic demand process is equal to thédretaster I. In addition,forecaster 11 produces a

8



Second International Symposium on Engineering Systems
MIT, Cambridge, Massachusetts, June 15-17, 2009

higher variance. This higher variability is what wleould include in a real options model for
valuing design flexibility when actual demand pregzecannot be described by stochastic
diffusion processes. Markov chain assumption irclastic diffusion processes can often be
unrealistic to describe actual demand time sehethis caseforecaster 1l is more general in a
way that it accounts for both time series vari&piind model fitting error. Forecasting models
based on statistical estimates of time series biitiaalone likeforecaster | will overestimate
our knowledge and underestimate the uncertainty.

Future research direction will be applying the farecasters to real demand data.
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Appendix A: Analysisof Historical Forecast Errors(0<t<n)

Actual demand; is assumed to follow a simplified stochastic dftn process, namely an
additive random walk in Chapter 5, i.e. actual dethean be exactly modeled by ecaster I.
Actual demand can then be described as a sumafiirmal random variables,~ N(0,0.%)
when initial demand is assumed to be zero:

t
PEDW- (A1)
i=0

for t=[0,T].

In Chapter 5, for simplicity, wehoose a linear trend fitting as an underlying deinaodel to
produce a deterministic forecast Forecaster 11. To assume a distribution of future forecast
errors, denoted bly,,, we first analyze the characteristics of histdricaecast errors, denoted

by e. We collect historical forecast error terms engailliy by generating predictions of the
forecast at times t=0,...,t=n by the chosen lineandrfitting method for forecasting, related to
the observed data at hand.

The fitted demang, by a linear trending is

Yor = FU+L Yo, Y0¥ )=2 +h €+ 1) (A2)

for t=[to,n]. a andh are parameters calculated using available dematadod@r the period [O,t]
and have closed form solutions as:

t
2%

a=y-th =it:0T1‘—2h (A3)
SN0 Y-y
b= i=0 =i=0 (Ad)

2(ti _t_)z 2(ti _t2)2

We can express the fitted demand as linear furgtdrihe same normal random variab&s)
Eq. (A1).

-1
Yo =D EB (A5)
i=0

10
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for t=[to,n]. B/ is a coefficient of ith normal random variable, where &i<t-1 to find the fitted
value at time t+1 (see Appendix C and D for defasiincey,,,is a linear function of independent
normal random variables, it is also normally disited.

The generated historical forecast errors are tfierdnces between the actual and the predicted
values. Eq. (A1) and Eq. (A5) therefore yield tbidwing expression for these errors:

t t-1 t-1
8= Yin~ Y= D6~ D 6B =) £(1-B)+g (A6)
i=0 i=0 i=0

whereg, ~ N(0,07). Historical forecast error terms are collectedrotre base period after a
warm-up period, i.e. f&,n).

Given known valuesy,, y,,...,,, or given known valuess,, &,,...,§,_,, the linear fitting method
assigns different weights tg terms and sum them up to make a prediction attih€Eq.(A5)).
On the other hand, the actual demand at time t+#heassum ofg,,&,,....&._, & With an equal
weight attached to each term (Eq.(Al)). Note thisr@ne more random variable,in the

expression of the actual demand. Therefore, thessafrthe differences in the assigned weights
to £ terms in the actual demand and the fitted demacduet for the magnitude of historical

forecast error. Fig. Al illustrates the differenaeshe assigned weights or coefficientsgpfor
the actual and fitted demand at time t=20.

] =
n [ n

coefficient of &(i)

o

6 1 2 3 4 5 6 7 & 9 10 11 12 13 14 15 16 17 18 19 20

Mactual y(20) M fitted v(20)

Fig. Al. Coefficients ofe, where &i<20 for the actual and fitted demand at t=20

We will next discuss some of the characteristickistiorical forecast errors.

Characteristic 1
It is illustrative to decompose Eq.(A6) into itatkng and trailing term. The leading term finds

the error due to the differences in the weights @rms from i=0 to i=t-1 and these differences

arise due to errors associated with the linear iititiag. The trailing term explain the realized
variability of the actual demand from time t to @+ 1.

11
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time series variability

-1 v

6. =D &(1-B)+
=0 A (A6)-1

modél fitting error

Characteristic 2
The forecast error is a linear function of indepartchormal random variables and therefore it is
also normally distributed.

Characteristic 3
The expected value of forecast error is zero.

Ele=€| a0-8) el =0 a7)

Characteristic 4
The variance of the historical forecast error metit+1 is

variance of time series variability
-1 v
2 t\2 -2 2
Uel+l - Z(l_ B| ) UE +U£ (A8)
i=0
4

variance of mode fitting error

We also decompose Eq.(A8) into its leading anditiaiterm. The leading term expresses the
variability of the model fitting error. This is airiction of B/ whose values vary with time.

Hence, the variance of the model fitting error wilbt be constant over time. In fact, the
variability increases as time increases (Fig. A2)is is somewhat counterintuitive. One would
expect the variability of the model error to redoeer time as more data becomes available. The
increase in the model fitting error variance is ttuéhe characteristic of the assumed time series,
which adds a random increment to the previous tgeges. The random increments will
accumulate, i.e. the time series itself becomesendlificult to predict over time. This out-
weighs the advantage of additional data.

The trailing term is the variance of time seriegalaility between time t and time t+1 and this is
constant over time in a random walk time serieg.(RR).

12
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Fig. A2. Variance of errors whes’=1 for 5t<40 (the case oft4, n=40)
Appendix B: Distribution of Future Forecast Errors (n<t<T)

We show that the historical forecast errors arenabrandom variables with zero expectation in
Appendix A. But, they are not independent and wdentically distributed as the variance of

forecast errors is not fixed but increases oveetiitherefore we cannot simulate future forecast
errors by sampling directly from historical foretasrors as if they were i.i.d random variables.
We will have to deal with the non-stationary chéedstics of the error term process.

For simulation purposes, we assume that the digioib of future forecast errors has three
characteristics: First, future forecast errorsravamally distributed. Second, the distribution has
expected value zero. Third, the variance of fuforecast error will increase at the same rate as
in the past. Fig. A2 illustrates that assumptiora dihear variance growth is justified in the case
of a random walk time series. To calculate the cdtgrowth of the variance of future forecast
errors we use the average of historical growthstate

The historical forecast errors are autocorrelaiée underlying reason is that recurrent forecasts
rely on the same general method and share histolata. Therefore, we need to account for the
autocorrelation when we sample future forecastrerrd/e build a first order autoregressive

(AR(1)) model of future forecast errors to addrésslag 1 autocorrelation. Given the historical

forecast error at t=n, we model the future foreeastr at t=n+1 by a AR(1) model and repeat

the process. The details of the model are givekpipendix E.

Appendix C: The Coefficient, B'in the Expression of the Fitted Demand, ¥,

The coefficient,B'in Eq. (A5) is a function of both i and ti.e., thalue of the coefficient varies

with i as well as t. We represent the coefficiesmes when t=10 and t=40 to illustrate how the
value varies with i at a given time in Fig. A3.

13
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Fig. A3. Values of Bwhen t=10 and t=40

Appendix D: The Derivation of Eq. (A5)

This appendix provides the derivation of the fitteamand at time t+1y,,,as a linear function of

i.i.d. normal random variables,~ N (0,0,%) that are used to describe actual demand as in Eq.
(A).

Yoa =& +R(t+1)

=y+h(t+1-1)
Zyi Z(ti_t)yl
_It:-1+i:lo (t+1-1)
>
i)ll * t
=5 U0 vy (etei=e)

v i(ti _t_)2 =0

=3y |2+ 1)

=0 Z(t -t)°

:Z[:yiAt (Iet A‘: ti*"'t(t*—_t)(ti _t_) )
i=0 Z(tk _t_)2

ziNiﬂ (%x=i&w=®

zl;Oé‘ijglA;

:H‘r;‘iBlt (|etB[_ZA‘_Zt—* u(t [))
=0 j=i+l j=i+1] Z(t —t)
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Appendix E: Modeing Autocorrelation of Future Forecast Errors

We describe how the lag 1 autocorrelation of fuforecast errors is modeled. We build a first
order autoregressive (AR(1)) model of future fost@arors:

E =c+¢E_ +y, (A9)

where bottE _; and E, are normal random variables with mean zero aneastng variance over
time.

cand gare functions of these means{( and m_ ) and variancesc(a_lzand 052), and the lag 1
autocorrelation functiongp, :

c=m —gm =0
o= PO, (A10)
Ok,

We assumep, is the average of the lag 1 autocorrelation fumstiof the historical forecast
errors.u, is a noise term which is normally distributed witiean zero and standard deviatgn
We defines as:

s=(1-p)"0, (A1)

Given the historical forecast error at t=n, we nidbe future forecast error at t=n+1 by applying
Eq. (A9) and repeat the process.
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